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Local structure in the two-dimensional Gaussian core model at p* = 3~'/? has been anayzed through the
topology of nearest-neighbor polygons. Disorder is revealed by the presence of nonhexagonal polygons
(disclinations). Near the melting point most disclination polygons have either five or seven sides and these are
present in nearly equal concentrations. The concentrations increase by an order of magnitude upon melting
the solid. Within the melting range phase coexistence is revealed by inhomogeneous distribution of

disclinations. Pair correlation functions have been calculated for particles classified by polygon character;
they show asymmetry with respect to disclination type. The first-order melting process can be described as
condensation of a dilute gas of small disclination aggregates (solid phase} into a dense medium of disclinations

{fluid phase).

. INTRODUCTION

The first paper of this series! initiated an examina-
tion of melting in the two-dimensional Gaussian core
model at reduced density p*=3"1/2, Thermodynamic func-
tions and particle pair correlation functions generated
by molecular dynamics simulation displayed behavior
indicative of a simple first-order transition, In this
paper we extend the study of that transition by observing
the distribution of Wigner—Seitz {or Voronoi) cells,?
The results confirm and strengthen the prior conclusion
about transition order, and in addition they offer a clear
and convenient means to describe the melting process
and the disordered fluid it produces.

The nearest-neighbor Wigner—Seitz polygon for par-
ticle j is the open set of points in the plane closer to
j than to any other particle. It can be constructed by
erecting perpendicular bisectors to all lines connecting.
j to other particles, and then selecting that subset of
bisectors which encloses a minimum area. Thenearest-
neighbor polygons are convex, contain only single
particles, and partition the plane without overlaps.
They also generate a nearest-neighbor topology, for
pairs of particles whose polygons share a common side
are defined to be “nearest neighbors.”

The lowest energy structure at all densities for Gaus-
sian core particles [pair potential exp(~73;)] is the re-
gular triangular lattice. The Wigner-Seitz cells then
are identical regular hexagons as Fig. 1(a) illustrates.
If the particles undergo small relative displacements
(as created, for example, by harmonic phonon motion)
the hexagons will distort somewhat but will remain
hexagonal, i.e., the nearest-neighbor topology persisis.
Figure 1(b) shows the distortion produced by small dis-
placement of a single particle in an otherwise perfect
triangular array.

The principal advantage of the Wigner—Seitz cells is
their diagnostic ability for distortions large enough to
change neighbor topology. Figure 1(c) exhibits the geo-
metric result of inserting an extra particle, an intersti-
tial, with displacement of a neighbor to create a sym-
metrically dislocated pair. This process generates a
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localized 5-7-5-7 tetrad with pentagons sharing a side.
It might be noted in passing that a similar tetrad, but
with the heptagons sharing a side, can be produced by a
shearing strain applied to 2 compact group of four parti-
cles in the undisturbed lattice.

A 5-T dyad constitutes a dislocation whose Burgers
vector® is related to the dyad axis. The pattern in Fig.
1(c) is a neighboring dislocation pair with canceling
Burgers vectors. Figures 1(d) and 1(e) show examples
with more widely separated dislocation pairs, i.e.,
5-7 dyads. Thermally driven separation of dislocation
pairs plays a central role in the melting theory of
Halperin and Nelson*® that was based on prior work of
Kosterlitz and Thouless. ®

A closed loop of 5-7 dyads signals the existence of a
grain boundary. Figure 1(f) exhibits a simple example
in which seven interior particles have been rotated 30°
with respect to the surrounding lattice to produce a
“hexatic daisy.” More complex grain boundaries of
sets of rotated particles have been observed in the
spontaneously frozen solid, as reported in the previous
paper.!

With these elementary examples as background we
proceed in Sec. II to the construction and enumeration
of Wigner-Seitz cells for the actual particle configura-
tions that occur in the Gaussian core system. The
four specific thermodynamic states selected for study
were generated from the work of Ref. 1 on a system of
780 particles.

Section III examines the various pair distribution
functions that can be defined for particles distinguished
by the numbers of sides to their polygons. Although
the fractional concentrations »n; of these particle species
present an approximate symmetry about 7, that sym-
metry obviously does not extend to the pair distribution
functions.

We conclude this paper in Sec. IV with a discussion

of the melting process as phrased in terms of the neigh-
bor topology.

© 1981 American Institute of Physics



T. A. Weber and F. H. Stillinger: Gaussian core model in two dimensions. Il

1)

FIG. 1. Wigner—Seitz polygons for small clusters of particles.
(a) Perfect triangular lattice; (b) small horizontal displace-
ment of a single particle; (c) extra particle (interstitial) with
symmetrical displacement of a pair; (d) and (e) separated dis-
locations (each a 5-7 dyad); (f) rotational grain boundary.

Il. POLYGON CONCENTRATIONS

Table I lists the fractional concentrations (mole frac-
tions) »; of i-sided polygons that have been computed
for four distinct thermodynamic states. The respective
reduced temperatures T*, pressures p*, and mean
interaction energies per particle (®)/N are also listed.
The reduced density p* has the common value 3°*/2 for
each. State A is a crystal aligned with the sides of the
periodic unit cell; it is slightly superheated (the melting
temperature 7% is thought to be about 6.6x10%), but
it is indefinitely stable as such since no nucleation sites
are present to initiate the melting process. State B
lies near the midpoint of the melting range, and was
identified' as exhibiting phase coexistence. States C
and D involve the homogeneous fluid, with the former
just below the thermodynamic freezing temperature
Ty =7.2x10%,

We can supplement the data in Table I with the observa-
tion that all nonhexagonal polygons become very rare inthe
crystal as the temperature declines substantially below
the melting range. For this reason no further crystal-
line states were analyzed.

A glance at Table I shows that the occurrence fre-
quency of nonhexagonal polygons depends strongly on the
state. By comparing »; and n, for states A and C, for
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example, one sees that melting creates a tenfold in-
crease in the concentrations of these species. For this
reason we felt obliged to use a longer molecular dy-
namics run for state A, the crystal, than for the other
states as the last line in Table T indicates.

The average number of sides for the nearest-neighbor
polygons is six, reagardless of the state’;

(iy= 2 in;=6.

This result can be deduced from Euler’s theorem,®
It also can be established by the following elementary
geometric argument. Note first that (aside from
zero-probability coincidences) polygon sides always
come together in triplets, i.e., three polygons meet
at each vertex point. Therefore the average number
of such vertices per particle in the plane is simply

v=3(i) . (2.2)

Of course, the sum of vertex angles at these points is
2m, so that

2nv=27{i)/3

(2.1)

(2.3)

is the average value of the interior angle sum for the
polygons. On the other hand, every i-sided polygon has
m(i - 2) for this sum, so on average

2m(i)/3=1((i) -2), (i)=6.

The results in Table I show that in the temperature
range examined, virtually all of the nonhexagonal poly -
gons had either five or seven sides. Although four and
eight-sided cases occur, they are quite rare. No tri-
angles or polygons with more that eight sides were
ever observed. The inviolate condition (2.4) hence
has the practical result that »; and »n; are nearly equal.
In other words, the polygon size distribution is nearly
symmetrical about =6,

(2.4)

At very high temperature we expect some skewing
of this symmetrical distribution as polygons with i=9

TABLE I. Selected properties of four thermodynamic states
for the Gaussian core model in two dimensions at reduced
density 3°1/2,

A B C D
Crystal Coexistence Fluid Fluid
10% T+ 7.0173  6.9546 7.0167 8.6950
p* 0.4980449 0.4964474  0.4955342  0.4952406
(8)/N 0.4220076 0.4232478  0.4240158 0.4260875
ng 0.000 01 0.000 27 0.000 46 0.000 89
ng 0.01229 0.077 39 0.12067 0.147 82
ng 0. 97540 0.84456 0.75761 0.702 84
n 0.01230 0.077 63 0.120 92 0.147 30
ng 0. 000 00 0.00015 0.000 34 0.00115
2?’::;‘;;& 16000 8000 4000 4000

2The incremental time step Af* for integration of the dynamical
equations was 0.05 throughout this study.
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Gaussian core model in two dimensions. Ll

[ON)

FIG. 2. Snapshots of Wigner~Seitz polygons for the 780-particle simulations at density p* =3-!/? for the four thermodynamic
states: (A) superheated crystal; (B) transition region; (C) and (D) fluid. The hexagons are identified as asterisks.

begin to make an appearance.

Figures 2(A)-2(D)show configurations of the 780
particle system at the end of each of the four runs A-D.
Particles within hexagons are rendered as asterisks for
simplicity while integers # 6 locate the other species.
We have monitored each of these four states in this
pictorial way during its chronological development (as
well as many other states in our overall study') and
have found that: (a) the patterns of polygons are very
variable over each run indicating good sampling statis-
tics, and that (b) the overall character of each state is
reasonably well represented by the specific configura-
tions shown in Figs. 2(A)~2(D).

J. Chem. Phys., Vol

In the crystalline state Fig. 2(A), only a small num-
ber of disclination polygons appear, and these are all
clustered into tetrads. The tetrads have arisen es-
sentially from large-amplitude local shearing motions
that undoubtedly are connected with anharmonic behavior
of this high-temperature crystal.

Figure 2(B) shows the system in the middle of its
fixed ~density melting range. Disclination polygons are
much commoner, and not at all restricted to tetrads of
the type shown in Fig, 2(A). 5-7 dyads (dislocations)
show a tendency to unpair, and to form rudimentary grain
boundaries. The distribution of disclination polygons
in the large is nonuniform, with substantial areas con-

.74, No. 7, 1 April 1981
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FIG. 3. Hexagon—hexagon pair correlation functions g, for

the four thermodynamic states listed in Table I

taining none (except for anharmonic-crystal-like te-
trads), while other regions contain high concentrations
in complex arrangements. We associate this non-
uniformity with phase coexistence, though admittedly
it is difficult to draw boundaries between coexisting
phases unambiguously.

The melting process presumably is completed in
Fig. 2(C), wherein elements of grain boundaries appear
to run throughout the system. Note, however, that in
the topological sense there still remain small domains
of crystalline order. The lines of particles which low-
angle viewing shows to run frequently across Fig. 2(B)
are substantially broken up in Fig. 2(C).

Further rise in temperature, Fig. 2(D), reduces the
mean range of topological order. In a high~density
medium of disclinations such as this it is obviously un-
clear how to classify local polygon arrangements since
dyads, tetrads, etc. do not occur in isolation.

A lone octagon can be found in Fig. 2(D) in the lower
middle region, but no quadrilateral is present in this
specific configuration, Note that the octagon is flanked
by two opposing pentagons with which it shares sides.
This is a rather frequent arrangement when octagons
are present. We have also found that a quadrilateral,
when present, is likely to be flanked by a pair of oppos-
ing heptagons with which it shares sides,

iIl. TOPOLOGICAL PAIR DISTRIBUTION FUNCTIONS

Once the particles in the system have been classified
by polygon type it can be helpful in attempting to under-
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stand patterns present to have pair correlation functions
for the various species. Let N; at any instant be the -
number of particles present possessing i-sided poly-
gons. The pair correlation function gi2’ for species i
and j is defined so that the quantity

(Ny(Ny =040 g(i?)(rl.z) dr, dr, /A

equals the probability for differential space elements
dr, and dr, simultaneously to contain distinct particles
of species i and j, respectively. In this expression,
8;; is the Kronecker delta function and 4 is the system
area. In a sufficiently large system every g‘,?’ can be
expected to approach unity as 7, becomes large, re-
gardless of thermodynamic state, Deviations of the
&2 from unity at small 7, reveal local order.

(3.1)

We have evaluated angle-averaged pair correlation
functions g;,(#) for the four states A, B, C, and D, Since
the polygon side index 7 varies between four and eight
in the present study there are in principle 15 separate
functions for each state. However, since so few quadri-
laterals and octagons were observed even in the highest
temperature case Fig. 2(D), gu, &, and g have low
statistical significance and will not be displayed here.

Figure 3 shows gy for the four thermodynamic states.
The lattice structure and its persistence with increasing
distance in the crystal are evident from curve (A).
[Note that the maximum distance »=14.7 in this and
subsequent figures is about 0. 45 of the unit cell size. |
Since most particles are hexagonal in the crystal, g,
is very similar for that state to the species-indepen-

5 — 6 Pair correlation function

15

FIG. 4. Pentagon—hexagon pair correlation functions g for
the four thermodynamic states listed in Table I.
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dent pair correlation function g reported in the previous
paper. In all four curves of Fig. 3 the first maximum
is located very close to #=2/2, the nearest-neighbor
separation in the T* =0 perfect lattice,

In contrast to the persistent order in the crystal, the
fluid-state curves, Figs. 3(C) and 3(D), damp to unity
within the available spatial range, clearly indicating a
qualitatively different type of particle packing, Nu-
merically, we find that these fluid-phase functions have
decay envelopes that appear to be exponential,

The melting-range curve Fig. 3(B) has somewhat
persistent oscillations, though considerably diminished
in comparison with the crystal. This is the behavior to
be expected with fluid—crystal coexistence wherein large
patches of the latter experience fluctuating strains due
to the presence of grain boundaries and fluid-fitled
cracks,

Figure 4 shows the g; functions, and Fig. 5 shows the
Zy7 functions. The first peak of gy, falls at slightly
smaller 7 than that of gz, while the first peak of g
falls at slightly larger » than that of gg. This makes
sense for repelling particles, since a “collar” of seven
particles around a central one will be crowded and will
be forced outward on the average. A “collar” of only
six can settle inward slightly, and one of five even
more. Thus on the shortest distance scale for the
problem, pentagonal particles will be in high-density
spots, while heptagonal particles will be in low-density
spots.

AVAVAVAVAV AV AV

J’\
___j

(o]

B

/ NﬁJh“ﬂJVNﬂfvx

\/\/ W

\/W

0 " N L . " . . i
0 5 10 15

r

S

6 — 7 Pair correlation function

[3]

FIG. 5. Hexagon—heptagon pair correlation functions g, for
the four thermodynamic states listed in Table I.
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FIG. 6. Pentagon—pentagon pair correlation function g, for

the crystalline state A.

The fundamental asymmetry between pentagonal and
heptagonal particles shows up clearly in Figs. 4 and 5.
Specifically, the second and third peaks have very dif-
ferent shapes for gy, in comparison with g;; in all states
of the system. In addition, the successive peaks of g,
in the fluid have distinctly greater amplitudes than those
of gs, and are displaced outward by roughly a constant
“phase shift.” These latter distinctions are not clearly
evident for the crystalline state. In any case, the con-
centration symmetry about i =6 pointed outinthe preced-
ing Sec. II is obviously violated at the geometric level
of pair correlation.

Figure 6 shows g;; for the crystal while Fig. 7 shows
results for the same function in the other three states.
The very large peak for the crystal (gg;~46) arises
from pairs of five’s within the same tetrad, but no?
sharing a common side; these are formed by the local
shearing motion. The very small peak at even shorter
distance apparently signifies very infrequent oc-
currence of interstitial structures in which the two
pentagons in a tetrad do share a side and thus are closer.
Beyond the very large peak in Fig. 6 we see that gs;
has a substantial region where it remains well above
the asymptotic value unity. This indicates a marked
clustering tendency for five’s in the solid. Figure 7
demonstrates that melting dramatically reduces the
magnitude of the large peak [to approximately three in
Fig. 7(C)] while also reducing the clustering range.

Figures 8 and 9 show our results for g;;. The large
first peak in the solid (Fig. 8) has the same source as

J. Chem. Phys., Vol. 74, No. 7, 1 April 1981
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FIG. 7. Pair correlation functions g5 for states B, C, and D.

50 =

401

35

25

20F

7 - 7 Pair correlation function

o [ & & " e " " A " " & A A
0 5 10 15

r

FIG, 8. Heptagon-heptagon pair correlation function gy for
the crystalline state A.

7 — 7 Pair correlation function

FIG. 9. Pair correlation functions g, for states B, C, and D.

that in g5, namely the tetrads produced by local shear.
Notice, however, that this gy; peak occurs at somewhat
smaller distance than does the corresponding g;; peak,
symptomatic of the fact that for these (noninterstitial)
tetrads it is the heptagons which share a side rather
than the pentagons.

By comparing respective curves from Figs. 6 and 7
on the one hand with those from Figs. 8 and 9 on the
other hand, one again confirms the lack of symmetty
about {=6. This is particularly noticeable as regards
the relatively long-ranged oscillations that appear in the
fluid-phase g;;’s, Figs. 9(C)-(D), in contrast to the
more featureless g;5’s, Figs. 7(C)—(D). Our examina-
tion of many fluid-phase pictures suggests a reason for
this latter difference, namely that heptagons tend to be
aligned in rows with roughly even spacing with the
pentagons loosely flanking such collineations.

In view of what has already been stated it seems in-
evitable that 5-7 pairs would have to be strongly cor-
related at small distance. Indeed this is confirmed in
the solid-phase g,, Fig. 10, and in the coexistence and
fluid phase g;,’s, Fig. 11. The large first peak in each
of these four curves again reflects the existence of shear
tetrads.

Pair distribution functions involving particles in quad-
rilaterals are shown in Figs. 12-14. Because of un-
favorable statistics we have not shown curves for the
crystalline state A. It is obvious from gy in Fig. 12
that quadrilaterals and pentagons will not reside next

J. Chem. Phys., Vol. 74, No. 7, 1 April 1981
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FIG. 14. Quadrilateral-heptagon pair correlations functions
g4 for states B, C, and D.

to one another; they repel even more strongly than a
pair of pentagons. This is revealed by the total absence
of any peak at roughly the nearest~neighbor distance
(c.f., gg). In contrast g,; does indeed exhibit a maxi-
mum at about the mean nearest-neighbor separation,
Fig. 13, though shifted to smaller » as was the case
with g5. The g4; curves in Fig. 14 show a very strong
binding tendency for quadrilaterals and heptagons as
nearest neighbors, stronger even than that for 5-7
pairs evident in Fig. 11,

Pair distribution functions involving octagons are
presented in Figs. 15-17. Once again no curves are
reported for the crystalline state A4; in fact no octagons
appeared during its molecular dynamics run. The ex-
pected strong binding of 5-~8 pairs shows up clearly in
the gs¢ results in Fig. 15. Comparison of g5, g, and
&7 in Figs. 15, 16, and 17, respectively, with g4;, £,
and g5 in Figs. 14, 13, and 12 once again demonstrate
breaking of symmetry about i=6.

IV. DISCUSSION

The topological condition Eq. (2.1) that the average
number of polygon sides is always six may be rewritten
in a suggestive manner. For any given polygon «
(possessing i, sides) define

Mo =la =6 . (4.1)

Then to within terms of negligible order we must have:
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FIG. 16. Hexagon—octagon pair correlation functions g¢; for
states B, C, and D.
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FIG. 17. Heptagon—octagon pair correlation functions g4 for
states B, C, and D.

(4.2)

where the sum spans all particles (i.e., polygons) in
the system. This is analogous to the charge neutrality
condition that applies to electrolytes, with the parame-
ters 7, playing the role of electrostatic charges. In
this way of reckoning, the topologically perfect crystal
acts as pure “solvent” with all particles “uncharged,”
while disclinations (4, # 8) are viewed as “ions.”

It is the long-range nature of the Coulombic potential
between charges that produces an electroneutrality con-
dition in electrolytes and plasmas. Similarly, the exis-
tence of condition (4. 2) leads one to inquire about long-
range interactions between disclinations. Continuum
elasticity theory for an isotropic medium in two dimen-
sions leads to the following form for the interaction of
two dislocations (Burgers vectors b, and b,)*®:

(4.3)

where Cy, C,, and a are suitable constants. As noted
above, a simple dislocation can be formed from a neigh-
boring 5-7 pair. In order to have expression (4. 3)
emerge as the interaction of two such 5-7 dyads it is
natural to invoke an isotropic disclination—disclination
interaction y that behaves at large distance as

= Cyby ~byIn(71, /@) = Cyby -1y, Typ 0 by /73,

X(7ig)~ = K, 1; v In(y, /1), 4.4)

T. A. Weber and F. H. Stillinger: Gaussian core mode! in two dimensions. 11

where K and ! are positive. This becomes the ap-
propriate analog of the Coulomb interaction. It is
divergent so strongly at large »;; that pairs of opposite
disclinations in an otherwise perfect lattice can never
unbind, andthe same is eventrue for adislocation pair if
it is to remain in the system at all. In the presence of
such long-ranged interactions it would be expected that
topological distribution functions would have to obey con-
ditions similar to the exact local electroneutrality and
second moment conditions that have been formulated for
electrolytes. 10

The rough similarity between disclinations and ions
emboldens one to suggest that the melting of the two-
dimensional solid is analogous to the condensation of
a dilute salt vapor into a dense molten salt.!! Both
apparently are first order. The electrically neutral
diatomic salt molecules and their clusters seen in
salt vapors are mirrored in the two-dimensional crys-
tal by a sparse “gas” of 5=7-5-7 tetrads (bound dis-
location pairs). Upon condensation of the diatomic sait
vapor into the melt the individuality of separate mole-
cules is lost. By the same token individual disolocations
are virtually impossible to identify unambiguously in the
dense disclination medium that characterizes the two-
dimensional fluid.

It remains to be seen if special conditions for two-
dimensional melting (specifically the choice of potential)
can ever be found to yield a higher order transition
analogous to that experienced in the compression of a
salt vapor at or above its critical point.
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