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Intfroduction

he protein folding problem s rec-

ognized as one of the grand chal-

lenges in the biophysical sciences
today, and has been surveyed in several
recent articles (see, e.g., Richards, 1991).
Many approaches to this problem. some
involving substantial numerical compu-
tation, have been suggested over the past
three decades. Much of the pioneering
work has been carried out at Cornell Uni-
versity by Harold Scheraga and collabo-
rators, and Cornell remains an active cen-
ter of leading-edge research.

The mainstream optimization community,
particularly researchers in global optimi-
zation, have begun to take a serious inter-
est in the protein folding problem, as evi-
denced by two related mini-symposia at
the Society of Industrial and Applied
Mathematics (SIAM) Optimization Con-
ference held in May 1992. The relevance
of protein folding to optimization arises
from the widely held theory that the de-
sired (“native™) structure of a given pro-
tein corresponds to a minimizer (perhaps
the global minimizer) of an empirical
potential energy function. Although this
might appear to suggest that the native
structure can be found simply by invok-
ing a “black box” unconstrained minimi-
zation package, such a naive approach is
impossible because of the size and com-
plexity of the associated optimization
problems. Not only is the number of vari-
ables very large even for proteins of mod-
estsize—forexample, BPTI(bovine pan-
creatic trypsin inhibitor) corresponds to
1053 variables—but also the number of
distinct local minima of the standard po-
tential energy function increases exponen-

tially with the number of variables.

The authors of this article (two chemists
and two optimizers) have recently worked
onthe "poly-L-alanine hypothesis,” which
may provide some insights for the protein
folding problem. The idea is that there is
aclose correspondence between the back-
bone geometry of the native-structure
energy minimum for any polypeptide or
protein of M residues. and that of a local
minimum of poly-L-alanine with the same
number of residues. Validation of this hy-
pothesis can lead to several conceptual
advantages. First. although mechanical
stability of a native structure does not
depend on side-chain details, free-energy
stability is controlled by those details;
recent work (Zhang er al., 1991) shows
that replacement of several residues by L-
alanine preserves native structure. Sec-
ond, poly-L-alanine can serve as a natural
reference material in theoretical calcula-
tions of the relative stabilities of distinct
folded structures for a given protein. A
third consequence is that the specific struc-
tural roles of disulfide bonds. charged side
chains, packing of amino acid side chains,
and special residues can be assessed quan-
titatively. Finally, new experiments and
computer simulation studies are sug-
gested.

The calculations performed in our work
involved polypeptides ranging in size from
very small to reasonably large. The re-
sults, which are reported in detail in Head-
Gordon eral.(1991), showed that poly-L-
alanine can adopt an impressive number
of structural alternatives. Here we discuss
only a single topic: the application of a
method for nonlinearly constrained opti-
mization.

Problem formulation

The empirical potential energy function
used in our study has the form described
in Brooks et al. (1983), namely a sum of
five highly nonlinear terms. Four terms of
the sum refer to chemical bond connec-
tivity. The fifth term represents non-
bonded terms as a sum of pairwise cou-
lomb electrostatic and Lennard-Jones in-
teractions.

The variables are the Euclidean coordi-
nates of the atoms: hence the number of
variablesis 3m foraprotein withm atoms.
Five degrees of freedom can always be
eliminated, e.g. by assuming that the first
atom is located at the origin, and that the
xrand v coordinates of the second atom are
fixed at theirinitial values. Whetherelimi-
nating these degrees of freedom is worth-
while depends on the problem and com-
putational method.

Tosupport the poly-L-alanine hypothesis,
it is necessary to demonstrate the exist-
ence of a local unconstrained minimizer
on the poly-L-alanine hypersurface that
closely mimics the native structure of a
given protein. For the small peptides
Ac-(ala) -NHMe with n=3 and n=8, our
approachto finding such alocal minimizer
was based on specifying nonlinear con-
straints that characterize the desired sec-
ondary structure—helix, turn, and sheet.

Several types of constraints were imposed
as appropriate for each secondary struc-
ture: an L-chirality dihedral constraint, a
peptide torsion constraint (trans or cis),
backbone dihedral angle constraints (both
¢and ), and hydrogen bond constraints.
Each constraint was formulated with up-
per and lower bounds limiting the varia-
tion of the given quantity from a target
value. For the L-chirality dihedral angle,
the target value was 33°, with maximum
allowed variation of 3°; for peptide tor-
sion constraints, the target was either 0°
or 180°, with permitted variation of 10%;
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the backbone dihedral angles ¢pand ¥were
required to lie within 0.5° of their known
secondary structure values: and the hy-
drogen bonds were required to fall within
0.4A of the target value 1.9A.

For n=3, the number of variables is 126,
with 13, 14, or 15 nonlinear constraints,
depending onthe secondary structure. For
n=8. there are 276 variables. and the num-
ber of nonlinear constraints lies between
21 and 40.

Solution technique

The optimization problems were solved
numerically using the code NPSOL (Gill
etal.,1986),animplementation of adense
sequential quadratic programming (SQP)
method (see, e.g., Fletcher, 1987, for a
discussion of these methods). In a generic
SQP method, the search direction is the
solution of aquadratic programming (QP)
subproblem. Each such subproblem is it-
self an optimization problem of minimiz-
ing a quadratic objective function subject
to linear constraints. The SQP subproblem
objective function is a quadratic approxi-
mation to the Lagrangian function, and
the subproblem constraints are local lin-
earizations of the nonlinear constraints.
In NPSOL, reduction in an augmented
Lagrangian merit function is required at
each iteration to encourage progress (o-
ward the solution.

NPSOL develops a dense positive-defi-
nite quasi-Newton approximation to the
Hessian matrix of the Lagrangian func-
tion by applying amodified BFGS update
that reflects changes in the gradient. The
default option in NPSOL is to take the
initial Hessian matrix as the identity;
NPSOL also allows aninitial “warm-start”
Hessian to be specified by the user.

We invoked NPSOL twice for each struc-
ture, first to solve the nonlinearly con-
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strained problem described above. The
initial point for the constrained minimi-
zation was based on a structure closely
resembling the desired secondary struc-
ture. The initial Hessian for the first mini-
mization was taken as either the identity
or a finite-difference Hessian of the po-
tential energy function. Since NPSOL re-
quires a positive-definite Hessian for the
QP subproblem, the finite-difference Hes-
sian was modified in case of indefinite-
ness using the Cholesky factorization.
Complete details concerning various strat-
egies for the optimization methods are
given in Gay et al. (1992).

After achieving convergence for the con-
strained problem, an unconstrained mini-
mization of the potential energy function
was performed. For the second minimi-
zation, the initial point was the just-calcu-
lated constrained solution, and a warm-
start Hessian approximation was taken as
either the final quasi-Newton approxima-
tion from the constrained problem, or a
(possibly modified) finite-difference Hes-
sian. Either form of warm-start strategy
had two benefits compared to the default
choice of the identity: it led to substantial
improvements in solution speed for the
unconstrained subproblems compared to
using the identity matrix, and also tended
StTDl’lgly to encourage convergence to a
“nearby” unconstrained minimizer, as
desired.

Results

Our computational experiments demon-
strated the existence of local minima on
the poly-L-alanine hypersurface corre-
sponding to the usual types of secondary
structure: helix, turn, and sheet. Existence
of these minima implies that a variety of
native sequences show stable secondary
structure.

In the helix category (Creighton, 1984),
the energy model was able to distinguish
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between the 3, and o, helix. No 7 helix
was observed, but no experimental evi-
dence suggests that it should be. The ex-
istence of polyproline I and polyglycine
[T was also demonstrated. For turns, types
1. Vand V' were shown to be stable minima
on the alanine gas phase hypersurface for
n==8. Finally, for n=8 we constructed an
anti-parallel B-sheet that is a local mini-
mizeron the poly-L-alanine hypersurface.

Although the proteins discussed are very
small, the optimization problems are al-
ready challenging, since they involve not
only a reasonably large number of vari-
ables, but also highly nonlinear functions.
Our results indicate the likely efficacy of
further research concerning numerous
optimization-related topics, such as the
effects of the initial Hessian approxima-
tion, tradeoffs between the gains from in-
clusion of second-order information and
the extra work required to obtain it, pos-
sible application of “sparsified” Hessian
matrices or specially structured precon-
ditioners, and selection of termination
criteria. Because of the relatively simple
analytic mathematical forms of the objec-
tive and constraints, symbolic modeling
languages offer great promise, both for
convenient expression of larger problems
and application of automatic differentia-
tion to obtain an exact initial Hessian.
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